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We study the charmonium spectrum using a complete one gluon exchange approach based on a
phenomenological relativistic qq¯ potential model with Dirac spinors in momentum space. We use
phenomenological screening factors to include vacuum quantum effects. Our formulation does not
rely on nonrelativistic approximations. We fit the lowest-lying charmonia (below the DD¯ threshold)
and predict the higher-lying resonances of the spectrum. In general, we reproduce the overall
structure of the charmonium spectrum and, in particular, we can reasonably describe the X(3872)
resonance mass as (mostly) a cc¯ state. The numerical values of the free parameters of the model
are determined taking into account also the experimental uncertainties of the resonance energies.
In this way, we are able to obtain the uncertainties of the theoretical resonance masses and the
correlation among the free parameters of the model.
PACS numbers: 12.39.-x, 12.39.Ki, 12.39.Pn, 14.40.Gx
I. INTRODUCTION
In the last years the interest in charmonia has been
renewed by the experimental observation of new char-
moniumlike states [1–7]. Some of these states have been
easily identified as charmonia, e.g. hc(1P ) [8, 9] and
χc2(2P ) [10], as reported by the Particle Data Group
(PDG) [11]. However there exist other important reso-
nances that are still under examination. These states,
denoted as X, Y and Z, do not match the predictions of
the nonrelativistic or semirelativistic qq¯ potential models
and some of them have been described as tetraquarks,
molecules, glueballs and hybrids [3–7, 12–18]. Another
possible explanation suggests that some of these states
may be the result of kinematic effects [19, 20] that ap-
pear in the nearby of the thresholds of the open charm
channels. The interpretation of these resonances de-
pends, to a certain extent, on the theoretical approach
that is followed to perform the amplitude analysis of the
data [21, 22] and to study charmonium spectroscopy.
Quantum chromodynamics (QCD) must be consid-
ered, in any case, the underlying field theory for the
study of these systems. However, due to the difficulty of
finding analytically (approximated) solutions for QCD,
alternative approaches have been followed. For example,
numerical lattice QCD (LQCD) [23–26], potential quark
models [27–39], unquenched quark models (UQM) [40–
45], and Bethe-Salpeter approaches [46–48].
LQCD represents a very promising but, at the same
time, highly difficult tool. LQCD computations repro-
duce the structure of the charmonium spectrum and pre-
dict many undiscovered states [23–25]. In particular,
LQCD is computationally taxing, especially when open
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channels and the resonant nature of the states are con-
sidered, and still needs to be improved in order to re-
produce accurately the hadron spectrum [49–56]. Ex-
ploratory LQCD simulations of the DD¯ scattering in S
and P waves have been recently computed [26] but they
still need to be improved to achieve the precision of the
lowest-energy meson sector [57]. However, the construc-
tion of potential quark models whose interaction has been
derived from LQCD [36–39], building up models that are
not purely phenomenological [58], has proved to be a very
useful tool for the study of these physical systems. His-
torically, the Cornell potential [59] represents the first
interaction that was introduced, with partial success, to
study the charmonium spectrum. This model consists
of a Coulomb-like potential and a linear term inserted
in a standard nonrelativistic Schro¨dinger equation. The
Coulomblike term takes into account reduction of the one
gluon exchange (OGE) in the short range region. The
linear term introduces quark confinement in the model,
in approximate agreement with the spectroscopy of the
first excited states. LQCD studies have confirmed the
presence of the linear term in the long range effective
interaction [39]. However, in this model, the nonrela-
tivistic approximation cannot be really justified and the
fine structure of the spectrum, related to the spin-spin,
spin-orbit and tensor interactions, has to be introduced
by hand in a purely phenomenological way. Furthermore,
higher order effects of the field theory reduction are also
absent.
Throughout the literature several relativized quark
models have been introduced in order to incorporate
some relativistic effects [27–35]. A possible approach
to include some of the relativistic effects in a consis-
tent way is given by the generalization of the Fermi-
Breit expansion (originally studied for the electromag-
netic interaction) followed in [30–32] to study the res-
onant states of strongly interacting quarks. We point
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2out that this approach is not fully relativistic because
the interaction terms are expanded in powers of p/m,
where p and m are the quark momentum and mass, re-
spectively. These models also assume that the mean val-
ues of p/m are small and, consequently, only the first
terms of the expansion are retained. The obtained effec-
tive interaction, by means of a Fourier transform, can
be expressed in the coordinate space in terms of lo-
cal operators. As a consequence, the eigenvalue equa-
tion for the effective Hamiltonian of these models can
be solved with the standard techniques. For the specific
case of relativized quark models for hadronic systems, the
Bakamjian-Thomas construction may be used in the con-
text of relativistic Hamiltonian dynamics [33, 34]. This
approach allows us to perform exact Lorentz boosts on
the wave functions of the model, but no connection be-
tween the interaction Hamiltonian and the Dirac struc-
ture of the underlying theory can be easily established.
In other words, one cannot express the interaction of the
model in terms of the Dirac covariants that are the build-
ing blocks of any relativistic theory, i.e. the scalar, vec-
tor, pseudoscalar, tensor and pseudotensor terms. Fur-
ther details can be found in [33, 34].
Another approach to improve the dynamical descrip-
tion of the quarkonium spectrum consists in employing
the UQM formalism. In the UQM, starting from a rela-
tivized quark model, the coupling of the valence quarks
to the continuum is taken into account through a self
energy term [40–42]. This coupling causes a shift in the
energy, generally leading to a reduction in the masses
of the quarkonia [43–45] in the high-lying states. This
effect can also be incorporated, in a more phenomeno-
logical way, through the screening of the interaction po-
tential [60, 61] which produces a similar global result.
It is also possible to perform a four-dimensional fully
relativistic computation of the heavy meson spectra solv-
ing the Bethe-Salpeter equation. This approach has been
taken in the context of the rainbow ladder approxima-
tion [46]. This approach presents relevant theoretical
advantages; however, the quality of the theoretical spec-
trum is not completely satisfactory and, in particular,
spurious states are obtained [47, 48] as a consequence of
the adopted dynamical approximations [62, 63].
In the present work we develop a relativistic model in-
spired by the OGE interaction. In our calculation we do
not perform any nonrelativistic expansion. Hence, the
well-known spin-orbit, spin-spin and tensor effects are
automatically given by the relativistic calculation. Due
to the Dirac structure of the interaction, the model is
necessarily constructed in the momentum space. We in-
clude vector and scalar interaction terms as well as phe-
nomenological screening factors [60, 61, 64]. We solve
an integral eigenvalue Hamiltonian equation in the mo-
mentum space through a variational method and we per-
form the diagonalization of the Hamiltonian matrix in a
selected orthonormal basis. We determine the param-
eters of the model by fitting the low-lying charmonia
states taking into account the experimental uncertainties.
These uncertainties are exactly propagated to the param-
eters and to the computed spectrum using the bootstrap
technique [65, 66]. This method is computationally ex-
pensive but allows a rigorous determination, from the
statistical point of view, of the parameters of the model
and their uncertainties, as well as the propagation of
such uncertainties to the computation of the spectrum.
The rigorous study of the uncertainties allows to identify
the statistically significant differences between the theo-
retical and the experimental spectra, determining which
states are in need of physics beyond the cc¯ picture to
be described. Moreover, the method allows to study the
correlations among the parameters of the model, which
provides insight on how physically independent are the
different pieces that build the phenomenological model.
As far as we know, no previous works on phenomenolog-
ical models of charmonia have addressed the problem of
rigorously establishing the correlations among parame-
ters, the associated uncertainties of the parameters and
their impact in the predicted spectrum.
The paper is organized as follows. In Section II we de-
velop the general structure of our theoretical model. In
particular, we show the details of the vector and scalar
interactions that we use to obtain the charmonium spec-
trum. In Section III we discuss the methods used to
solve the eigenvalue equation and to determine the free
parameters of the model and their uncertainties. We
also show how these uncertainties are propagated to the
energy levels of the theoretical charmonium spectrum.
In Section IV we provide our results compared to the
available experimental data and we discuss different phe-
nomenological interpretations. Finally, in Section V we
summarize the results of the study. The details on the
spin-angle matrix elements are left for Appendix A.
II. THEORETICAL MODEL
In this section we provide a detailed description of
our theoretical model for the study of charmonium spec-
troscopy. The model consists in a three-dimensional re-
duction of the Bethe-Salpeter equation in which only the
contributions of the positive energy Dirac spinors of the
quarks are retained. Dirac spinors guarantee that rela-
tivity is satisfied and the Dirac structure of the interac-
tion is highlighted. Due to the relativistic nature of the
model, the well-known spin-orbit, spin-spin and tensor
effects are all automatically included in our calculation.
If we expand our model in powers of p/m we recover the
standard semirelativistic Fermi-Breit interaction [67].
A. Definitions
As it is customary, we work in the center of mass (CM)
reference frame of the cc¯ system and we use the system
of natural units (~ = c = 1). The quantities of the
ket and bra states are labeled with the indices a and b,
3respectively. Hence, the three-momentum of the quark
(particle 1) and the three-momentum of the antiquark
(particle 2) are written as
~p1a = −~p2a = ~pa,
~p1b = −~p2b = ~pb, (1)
where the relative three-momenta ~pb and ~pa are the ac-
tual kinematic variables employed in the calculations.
We also introduce the three-momentum transfer
~q = ~pb − ~pa, (2)
and the cosine of the angle between ~pa and ~pb
x = cos θ = pˆa · pˆb, (3)
so that
~q 2 = ~p 2a + ~p
2
b − 2papbx, (4)
where pa and pb are the moduli of the respective three-
momenta, pˆa = ~pa/pa and pˆb = ~pb/pb. The on shell
energies of both particles (i = 1, 2) are
E(~pia) = E(~pa) =
√
~p 2a +m
2,
E(~pib) = E(~pb) =
√
~p 2b +m
2,
(5)
where m stands for the quark and antiquark masses. We
introduce the energy difference (for both particles) be-
tween the bra and ket states
∆E = E(~pb)− E(~pa), (6)
and the invariant four-momentum transfer squared
(Q2 > 0)
Q2 = ~q 2 − (∆E)2. (7)
Finally, for completeness, we give the standard defini-
tion of the positive energy Dirac spinors that will be used
in the calculation
u(~pi, ~σi) =
√
E(~pi) +m
2E(~pi)
(
1
~pi·~σi
E(~pi)+m
)
χ, (8)
where i = 1, 2 is the particle index, ~σi are the Pauli
matrices and χ represents a generic two component spin
wave function. Using Eq. (1), we take ~pi = ~pia and ~pi =
~pib, for the ket and bra states, respectively. The spinors
are normalized to u†(~pi, ~σi)u(~pi, ~σi) = 1.
B. Total interaction Hamiltonian and screening
factors
The matrix elements of the total Hamiltonian in mo-
mentum space are obtained adding two terms that rep-
resent the vector and the scalar interactions
H¯int(~pb, ~pa) = 〈~pb|H(v)| ~pa〉+ 〈~pb|H(s)| ~pa〉, (9)
where, for brevity, the spin matrices have not been explic-
itly written. However, the standard phenomenological
potentials do not allow for a good reproduction of the
spectrum, in particular above the open charm thresh-
old [60, 68]. A more complete dynamical treatment is
necessary. Some of the vacuum quantum effects predicted
by QCD can be taken into account by unquenching the
quark model as in [69–71]. In particular, the virtual pair
creation effects are incorporated to the Hamiltonian, i.e,
the contribution given by the coupling of the cc¯ states to
the meson-meson continuum [40, 41]. Below threshold,
this coupling to the continuum states gives rise to vir-
tual qq¯−qq¯ components in the meson wave function that
shift the charmonia [41] and bottomonia [43–45] masses
through a self-energy term. Part of these virtual pair pro-
duction effects can be taken into account, in a more phe-
nomenological way, introducing a screening factor in the
confinement interaction in the coordinate space [60, 61].
In this work, we introduce this screening effect phe-
nomenologically, incorporating momentum dependent
factors in the interaction Hamiltonian as follows
H¯int(~pb, ~pa)→ Hint(~pb, ~pa) = Fs(pb)H¯int(~pb, ~pa)Fs(pa),
(10)
where the factors Fs(pa) and Fs(pb) take into account the
screening effect. In the present work we use the following
stepwise function to describe such screening effects
Fs(p) =
1 + ks
ks + exp (p2/p2s)
, (11)
where ks and ps will be determined (as the rest of the
parameters of the model) by fitting to the lowest energy
levels of the charmonium spectrum. The details on the
fit are provided in Section III B.
C. Vector interaction
In the Coulomb gauge, the vector interaction matrix
element reads
〈~pb|H(v)|~pa〉 = α
(
J01 J
0
2 D00 + J
α
1 J
β
2 Dαβ
)
. (12)
If we choose α = αem (the electromagnetic fine structure
constant) we obtain the standard electromagnetic inter-
action whose expansion up terms p/m gives the Fermi-
Breit interaction [67]. We generalize the previous equa-
tion to the strong interaction between a quark and an
antiquark [30]. In particular, Jµi represents the quark
(i = 1) and antiquark (i = 2) Dirac four-current that
will be given explicitly in Eq. (17). Furthermore
D00 = − 1
~q 2
, (13)
Dαβ =
1
Q2
(
δαβ − qαqβ
~q 2
)
. (14)
4Given that we use positive energy Dirac spinors, we
can write the continuity equation in the form
(∆E) J01,2 = ± ~q · ~J1,2, (15)
where the signs + and − correspond to the quark and an-
tiquark cases respectively. Using Eq. (15) we can rewrite
Eq. (12) for the strong interaction as
〈~pb|H(v)| ~pa〉 = V (v)(~q)
[
J01 J
0
2
(
1− (∆E)
2
Q2
)
− ~J1 · ~J2
(
1 +
(∆E)2
Q2
)]
.
(16)
The explicit form of the effective vector potential
V (v)(~q) is provided in Eq. (20a) of Section II E. Notice
that, compared to Eq. (12), we take α = αst, which rep-
resents the phenomenological strong coupling constant of
the model.
Finally, the quark and antiquark four-currents are
given by the standard form
Jµi = J
µ
i (~σi; ~pb, ~pa) = u¯(~pib, ~σi)γ
µ
i u(~pia, ~σi). (17)
In this work we do not include a chromomagnetic cur-
rent term, which seems to be unnecessary given the qual-
ity of the obtained spectrum as shown in Section IV.
D. Scalar interaction
In hadron spectroscopy the spin-obit effect is in general
rather small and cannot be reproduced if we only use a
vector interaction. Hence, a scalar interaction, partially
responsible for quark confinement [1, 72], is included in
the interaction Hamiltonian to improve the description of
the charmonium spectrum [31, 73]. Also in the present
work we find that the scalar interaction is needed to ob-
tain a good description of the charmonium spectrum. We
write the scalar interaction in the following standard way
〈~pb|H(s)|~pa〉 = V (s)(~q) I1 I2, (18)
with the explicit form of the effective scalar potential
V (s)(~q) provided in Eq. (20b) of Section II E. The scalar
vertex is given by
Ii = Ii(~σi; ~pb, ~pa) = u¯(~pib, ~σi)u(~pia, ~σi). (19)
E. Vector and scalar potentials
In order to include different physical effects in our ef-
fective interaction, it is necessary to use phenomenolog-
ical expressions for the potentials in momentum space.
There exist a wide range of models for the scalar and
vector potentials [29, 30, 74]. In this work we use the
following effective potentials:
V (v)(~q) = −4
3
αst
~q 2
+ βv
3b2 − ~q 2
(~q 2 + b2)3
, (20a)
V (s)(~q) = A+ βs
3b2 − ~q 2
(~q 2 + b2)3
. (20b)
We note that only by a combination of scalar and vector
confining potentials is it possible to eliminate the em-
pirically contraindicated spin-orbit interaction in the in-
terquark potential. The vector interaction, Eq. (20a),
is given by a regularized Cornell potential in momentum
space where the − 43αst/~q 2 term in Eq. (20a) corresponds
to the standard pure Coulombian strong potential, be-
ing αst the effective strong coupling constant and
4
3 the
color factor. The second term corresponds to a confin-
ing interaction where the βv parameter is related to the
vector confinement intensity. The parameter b has been
introduced to avoid the 1/q4 singularity in the momen-
tum space interaction and, in the present model, has no
direct physical meaning. The expression of the vector
potential in the coordinate space reads
V (v)(r) = −4
3
αst
r
+ βvpi
2r exp (−rb), (21)
where it is apparent that the second term represents
a linear confinement interaction regularized with a de-
creasing exponential function. For convenience, we fix
b = 10−2 GeV, that corresponds to 1/b ' 20 fm. The b
value is chosen small enough to avoid numerical problems
and large enough to approximately recover the Cornell
potential for the energy region of interest. Regarding the
scalar interaction in Eq. (20b), we take a phenomeno-
logical constant term, represented by A, plus a linear
regularized potential, analogous to the confining term of
the vector potential. We note that βs is (as βv) related to
the confinement strength, and we also fix b = 10−2 GeV.
In this work we use two different prescriptions for the
scalar potentials to fit the experimental data. In the first
prescription (potential I), we set βs = 0, i.e. we keep the
effective constant scalar confinement term A in Eq. (20b)
and we omit the scalar linear regularized potential. In the
second one (potential II), the value of βs 6= 0 is deter-
mined fitting the data. We study these two prescriptions
separately in order to assess the impact of the confine-
ment term of the scalar interaction. In what follows we
refer to these two models as{
potential I → model using Eqs. (20) with βs = 0,
potential II→ model using Eqs. (20) with βs 6= 0.
(22)
F. Integral equation for the cc¯ system
Now, we can write the total integral Hamiltonian equa-
tion (in momentum space) for our system. First, we in-
troduce the standard kinetic energy of the quark and the
antiquark in the charmonium CM
K(~p) = 2
√
~p 2 +m2. (23)
5The integral Hamiltonian equation takes the form
[K(~pb)+M0]Ψ(~pb)+
∫
d3paHint(~pb, ~pa)Ψ(~pa) = MΨ(~pb),
(24)
where Hint(~pb, ~pa) is given by Eq. (9), M0 represents a
phenomenological zero point energy of the spectrum, M
is the resonance mass (that is the eigenvalue of the in-
tegral equation) and Ψ(~p) is the resonance wave func-
tion. For brevity, in the interaction Hamiltonian, the
Pauli spin matrices have not been explicitly written and
also, in the wave function, the energy and angular mo-
mentum quantum numbers have been omitted.
Equation (24) can be obtained performing a three-
dimensional reduction of a Bethe-Salpeter equation with
an instantaneous interaction and projecting the result
onto the positive energy spinors [75].
III. SOLUTION METHOD AND FITTING
PROCEDURE
A. Solution method
In order to determine the resonance energies of the
spectrum we have to solve Eq. (24) which is a Fredholm
integral equation of second order [76]. There are different
available methods to solve this kind of integral equations.
In particular, we employ a variational procedure. First,
we express the wave function of the system by means of a
superposition of the wave functions of a given trial basis.
Using the standard LS coupling for the angular momenta
the wave functions read
Ψn,{ν}(~p) = Rn,L(p; p¯) [YL(pˆ)⊗ χS ]J,MJ , (25)
where the radial function in the momentum space
Rn,L(p; p¯) represents the trial function, n is the prin-
cipal quantum number, p¯ is the variational parameter
with the dimension of momentum, YL,ML(pˆ) is the corre-
sponding spherical harmonic, and χS,MS is the spin func-
tion. For convenience we introduce the shorthand nota-
tion {ν} = L, S, J for the spin-angle quantum numbers
of the basis, i.e., the orbital angular momentum (L), the
total spin (S = 0, 1) and the total angular momentum
(J). For the actual calculations we take the projection of
the total angular momentum on the z-axis as MJ = J .
The matrix elements involving other values of MJ are re-
lated to the MJ = J matrix element through the Wigner-
Eckart theorem [77]. For simplicity we do not consider
the possibility that different values of L mix, whose effect
has been shown to be negligible in semirelativistic mod-
els [30, 74]. For the radial part we select the orthonormal
three dimensional harmonic oscillator wave functions
Rn,L(p; p¯) =
[
2n!
Γ(n+ L+ 32 )
] 1
2 sL
p¯
3
2
LL+ 12n (s2) exp
[−s2
2
]
,
(26)
where LL+ 12n (s2) are the generalized Laguerre polynomi-
als, s ≡ p/p¯ and p¯ is the variational parameter. Now,
we can diagonalize the Hamiltonian (mass) matrix in
Eq. (24) obtaining
M{ν},nb,na = M0δnb,na +
∫
d3pΨ†nb,{ν}(~p)K(~p)Ψna,{ν}(~p) +
∫
d3pb d
3paΨ
†
nb,{ν}(~pb)Hint(~pb, ~pa)Ψna,{ν}( ~pa), (27)
where, as before, the Pauli spin matrices in Hint(~pb, ~pa)
have not been explicitly written. Notice that a six-
dimensional integration over ~pb and ~pa appears in the in-
teraction term. We integrate analytically the spin-angle
part of the matrix elements (see details in Appendix A)
so that only a three-dimensional integration over pb, pa
and cos θ = x is left.
To solve Eq. (27) we use the variational diagonalization
procedure introduced in [30]. We obtain good numerical
convergence for the energy eigenvalues taking the first ten
trial wave functions of the basis for each state. Hence,
the 10× 10 Hamiltonian matrix is diagonalized and min-
imized through the standard variational approach. Once
a numerical solution is obtained, we check that the so-
lution represents a good numerical approximation. We
substitute the numerical solution in the lhs of Eq. (24)
and verify that it fulfills the integral equation.
B. Fitting and uncertainties calculation
The two models under study defined by potentials I
and II, see Eq. (22), depend on seven and eight pa-
rameters respectively. Potential I depends on m (con-
stituent mass of the c and c¯ quarks), M0 (phenomeno-
logical zero point energy of the spectrum), αst (effec-
tive strong coupling constant), βv (vector confinement
intensity), A (constant scalar interaction), and ks and ps
(screening parameters), while the model with potential II
depends on the same parameters plus βs that represents
the scalar confinement intensity.
To determine the values of the parameters, the corre-
sponding uncertainties and the charmonium spectrum we
fit the experimental resonance masses given in Table I,
i.e. the ground states of each JPC band plus the η′c and
ψ′ resonances, whose energies are below the open charm
threshold DD¯. In doing so, we proceed as follows [78]:
1. We randomly choose values for the masses of the
6TABLE I. Fitted charmonia for potentials I and II compared
to the experimental masses from PDG. n stands for the prin-
cipal quantum number, L for the orbital angular momentum,
J for the total angular momentum and S for the spin.
Name n 2S+1LJ Masses (MeV)
Potential I Potential II Experiment
ηc 1
1S0 2990
+6
−12 2981
+8
−12 2983.6± 0.6
J/ψ 1 3S1 3089.3
+5.7
−6.5 3101
+13
−10 3096.916± 0.011
χc0 1
3P0 3417.0
+8.4
−5.9 3416
+11
−13 3414.75± 0.31
χc1 1
3P1 3500.7
+4.4
−3.4 3506.3
+7.7
−7.1 3510.66± 0.07
hc 1
1P1 3514.9
+5.9
−4.6 3521.0
+6.5
−6.7 3525.38± 0.11
χc2 1
3P2 3579
+5
−12 3563
+8
−14 3556.20± 0.09
η′c 2
1S0 3646
+7
−12 3647
+10
−12 3639.2± 1.2
ψ′ 2 3S1 3674.9+5.4−5.7 3679.2
+9.2
−9.4 3686.109
+0.012
−0.014
resonances by sampling a Gaussian distribution ac-
cording to the uncertainties given in Table I, ob-
taining a resampled lowest-lying charmonia spec-
trum;
2. We use the least-squares method to minimize the
squared distance
d2 =
∑
i
(Ei −Mi)2 , (28)
where Mi represent these resampled ground state
experimental masses, i.e. the lowest-lying states
with quantum numbers: i ≡ JPC = 0−+ (ηc and
η′c), 1
−− (J/ψ and ψ′), 0++ (χc0), 1+− (hc), 1++
(χc1) and 2
++ (χc2), and Ei are the theoretical CM
energies of the lowest-lying states obtained from the
potential models I and II solving Eq. (27). The fits
are performed using MINUIT [79].
This procedure is repeated 1000 times providing
enough statistics to compute the expected value of the
parameters and the spectrum energies as well as their
uncertainties at a 1σ (68%) confidence level (CL). The
expected values of the parameters are computed as the
mean values of the 1000 samples. To compute the uncer-
tainties at a 1σ CL we take the best 68% of the fits and
we compute the differences between the mean value and
the highest and lowest masses. In this way our uncer-
tainties are not symmetric. Table II provides the fitted
parameters for both potentials and Tables III and IV the
correlation matrices of the parameters for potentials I
and II, respectively.
Table III (potential I), shows a strong correlation
among the parameters of the vector interaction in
Eq. (20a). Furthermore, we note a marked correlation
between A and all the parameters of the vector inter-
action, confirming that, in this model, vector and scalar
interactions are physically correlated. Besides, it is worth
highlighting the correlation of the parameters in the vec-
tor and scalar interactions with the screening parameters
TABLE II. Fit parameters for the two potentials considered
in this work. Error bars are reported at the 1σ (68%) CL and
take into account all the correlations among parameters (see
Section III B).
Parameter Potential I Potential II
m (MeV) 1455+30−26 1364
+46
−63
M0 (MeV) 108
+21
−25 270± 45
αst 0.63
+0.08
−0.06 0.544
+0.027
−0.060
βv (GeV
2) 0.0134+0.0009−0.0014 0.004
+0.001
−0.002
ks 59
+11
−9 96
+14
−10
ps (GeV) 0.698
+0.065
−0.067 0.91
+0.11
−0.06
A (GeV−2) 0.015± 0.004 −0.006± 0.002
βs (GeV
2) 0 (fixed) 0.013+0.004−0.003
TABLE III. Correlation matrix for the parameters of potential
I.
m M0 αst βv ks ps A
m 1
M0 −0.78 1
αst 0.86 −0.40 1
βv −0.88 0.39 −0.93 1
ks 0.11 −0.02 0.13 −0.23 1
ps 0.33 −0.34 0.05 −0.16 −0.62 1
A −0.76 0.59 −0.53 0.62 0.03 −0.70 1
ks and ps of Eq. (11). We notice that the parameter ps
turns out to be weakly correlated with the parameters
of the vector interaction but strongly correlated with the
parameters of the scalar interaction. For potential II, see
Eq. (22), we have the additional parameter βs. In this
case the parameters are less correlated among them than
for potential I, see Table IV. In particular, we point out
that the correlations between the effective quark mass
(m) and other parameters are significantly reduced in
potential II compared to potential I, with the exception
of the phenomenological zero point energy M0. Also,
the correlation between αst and βv is largely reduced.
TABLE IV. Correlation matrix for the parameters of potential
II.
m M0 αst βv ks ps A βs
m 1
M0 −0.61 1
αst 0.40 0.31 1
βv −0.12 0.04 0.06 1
ks 0.31 −0.10 0.14 −0.23 1
ps 0.02 −0.20 −0.42 −0.17 −0.35 1
A 0.22 −0.18 0.09 −0.21 0.24 0.58 1
βs −0.29 −0.20 −0.52 −0.66 0.02 0.33 0.29 1
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FIG. 1. Screening function, Eq. (11), for potentials I (dashed
blue) and II (solid red). For ks and ps we use the central
values in Table II. We highlight the values of the screening
momenta pI1/2 (potential I) and p
II
1/2 (potential II) defined in
Section III B.
In this way, the parameters in the vector interaction are
uncorrelated among them. Regarding the scalar interac-
tion, we observe that the parameters A and βs are almost
uncorrelated. However, we noticed a considerable corre-
lation between parameters βv and βs, suggesting that,
in any case, a strong physical correlation exists between
the confinement terms of the vector and the scalar in-
teractions. The parameter ps of the screening factors is
weakly correlated with the other parameters of the inter-
actions except with the phenomenological parameter A
in the scalar interaction. The high correlation highlights
how the screening impacts the scalar interaction. Finally,
comparing the correlation matrices for both potentials,
we find that the addition of the confining term in the
scalar interaction reduces the correlation among some of
the parameters, which allows for a more straightforward
interpretation of the physics associated to each term in
the potential.
For completeness, we plot the screening function Fs(p)
in Fig. 1 for the two potentials. We introduce the
screening momentum p j1/2 (j = I, II labels potentials I
and II) that are defined by Fs(p
j
1/2) = 1/2 (recall that
Fs(0) = 1). We find the values of p
I
1/2 = 1.4 GeV and
pII1/2 = 1.9 GeV. These values correspond to the screen-
ing kinetic energy
E¯ j = 2
√
m2 +
(
p j1/2
) 2
(29)
obtaining E¯I = 4.1 GeV and E¯II = 4.7 GeV. It shows
that the screening effect is active above the open charm
threshold where a sort of saturation energy must be in-
troduced for the interaction [80].
We now consider the specific calculation of the char-
monium spectrum and its theoretical uncertainties. Once
that 1000 fits have been performed, the uncertainties of
the model parameters can be propagated to the charmo-
nium spectrum using bootstrap [65, 66]. This method
allows us to carry to the spectrum computation the ex-
perimental uncertainties together with the correlations
among the parameters. This method is more accurate
than those using the covariance matrix, although it is
computationally more expensive. In more detail, the
computation of the charmonium spectrum is performed
as follows: For each one of the 1000 sets of parameters
obtained from the fits we compute the spectrum. Hence,
for each state of the spectrum we have a set of 1000 val-
ues of the mass. The expected value of each state as well
as the uncertainty is computed in the same way it was
done for the parameters.
IV. RESULTS FOR THE CHARMONIUM
SPECTRUM
Tables I (fitted states) and V (predicted states) re-
port the obtained spectra for both models. Figures 2
(potential I) and 3 (potential II) provide a graphical rep-
resentation of our results compared to the available ex-
perimental data from PDG [11]. We can see that the
obtained fits (below open charm threshold) are excellent
and that, in general, the whole spectrum is well described
with both potentials. We note that the statistical uncer-
tainties grow up with the excitation energy of the states.
Table I shows that potential II reproduces all the fit-
ted states within the 1σ CL while for potential I χc1 and
χc2 fall marginally outside of the 1σ CL. Hence, potential
II produces a slightly better result for the JPC ground
states. If we look into the predicted excited states (Ta-
ble V) we see larger differences between both potentials,
although the produced overall structure of the spectrum
is the same.
In this Section we discuss in more detail some of
the states as given by potentials I and II, according to
the n2S+1LJ spectroscopical assignment of the quantum
numbers.
A. X(3915), X(3872) and χc2(2P )
For these states we assign the quantum numbers 23PJ ,
with J = 0, 1 and 2 for X(3915), X(3872) [81] and
χc2(2P ) respectively. Potentials I and II are able to re-
produce the hyperfine splitting of the fitted 1P states
(χc0, hc, χc1 and χc2) but the structure of the 2P states
cannot be reproduced with the same accuracy. In par-
ticular, the fact that the X(3915) state has a higher
mass than the X(3872). However, we accurately predict
the χc2(2P ) state within uncertainties with both models.
These states lay very close to the D¯D∗ threshold, hence,
dynamical effects and degrees of freedom not considered
in our models such as threshold effects and molecular ad-
mixture in the wave functions can be responsible for the
deviations from our predictions.
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FIG. 2. Complete charmonium spectrum obtained with potential I (red boxes) compared to the experimental spectrum from
PDG (blue boxes). The size of the red boxes accounts for error bars at 1σ (68%) CL. In the same way, the size of the blue
boxes stands for the experimental error of the resonance masses. The dashed lines stand for the open charm energies DD¯ and
DD∗. The calculation of the uncertainties takes into account all the correlations among the parameters (see Section III B for
details). In the horizontal axis the quantum numbers JPC are reported for the states above. In the right side of the figure, the
arrows indicate the states (below the DD¯ threshold) that are used in the fitting procedure and the predictions of the model
with potential I. It is important to note that we have used the latest nomenclature by the PDG where the vector mesons are
also named as X instead of Y as it is commonplace in the charmonia research field. The states in both naming schemes relate
as follows: Y (4260)↔ X(4260), Y (4360)↔ X(4360), Y (4660)↔ X(4660), Y (4140)↔ X(4140) and Y (3915)↔ X(3915).
TABLE V. Predicted charmonia for potentials I and II compared to the experimental masses and uncertainties from PDG.
Notation as in Table I. For the X(4160) experimental mass the first error is statistical and the second systematic [120].
Name n 2S+1LJ Mass (MeV)
Potential I Potential II Experiment
— 1 1D2 3788
+20
−12 3789
+9
−13 —
ψ(3770) 1 3D1 3723
+41
−8 3749
+7
−10 3773.13± 0.35
ψ(3823) 1 3D2 3782
+30
−11 3788
+9
−12 3822.2± 1.2
— 1 3D3 3849
+13
−17 3817
+14
−20 —
X(3915) [Y (3915)] 2 3P0 3867.9
+5.5
−8.6 3884
+14
−13 3918.4± 1.9
— 2 1P1 3908
+11
−13 3923
+11
−13 —
X(3872) 2 3P1 3903.5
+9.3
−9.4 3918
+13
−12 3871.69± 0.17
χc2(2P ) 2
3P2 3941
+8
−16 3945
+17
−14 3927.2± 2.6
ψ(4160) 2 3D1 4059
+13
−20 4094
+19
−20 4191± 5
X(3940) 3 1S0 4030
+9
−71 4043
+18
−19 3942± 6
ψ(4040) 3 3S1 4046
+9
−13 4060
+17
−11 4039± 1
— 3 3P0 4182
+17
−47 4219
+26
−21 —
X(4140) [Y (4140)] 3 3P1 4200
+24
−31 4238
+29
−22 4146.9± 3.1
X(4160) 4 1S0 4300
+30
−100 4349
+31
−26 4156
+25
−20 ± 15
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FIG. 3. Charmonium spectrum obtained with potential II. Notation as in Fig. 2.
TABLE VI. Predicted states that can be interpreted differ-
ently depending on the potential model. Notation as in Ta-
ble I.
Name Potential n 2S+1LJ Mass (MeV)
Theory Experiment
X(4260) I 43S1 4311
+33
−44 4251± 9
[Y (4260)] II —–
X(4360) I 33D1 4312
+62
−53 4346± 6
[Y (4360)] II 43S1 4360
+34
−28
ψ(4415)
I 43D1 4489
+65
−78 4421± 4
II 33D1 4378
+36
−29
X(4660) I ——
4643± 9
[Y (4660)] II 43D1 4620
+54
−39
The X(3872) state is of particular interest and re-
quires a careful discussion. This resonance was discov-
ered by the Belle collaboration in B decays [82] and
was confirmed by CDF collaboration [83]. Various inter-
pretations have been proposed for this resonance whose
properties cannot be easily explained within a stan-
dard qq¯ picture of mesons due to the proximity to the
D¯D∗ decay threshold [41]. It has been identified as a
tetraquark [2, 29, 84, 85], as a D¯D∗ molecule [86–89],
as cc¯ core plus molecular components [41], and as a hy-
brid state [90]. Even in the context of semirelativis-
tic quark models there is certain controversy on the as-
signment of the quantum numbers. In particular, be-
sides the usual 23P1 assignment (favored by studies of
the decay processes [91, 92]), a 11D2 has also been pro-
posed [74, 93]. Within the Bethe-Salpeter approach this
resonance has been identified with a 33P1 state at a mass
value of 3912 MeV [47] but, at the same time, a spurious
23P1 state at 3672 MeV is also obtained. Other calcula-
tions with a similar formalism obtain approximately the
mass value of 3900 MeV, but incorporating the X(3872)
state in the fitting procedure [94]. The semirelativis-
tic calculations in [30, 93], that employ a vector and a
scalar interaction, obtain a mass of 3912 MeV for the
23P1 state. The UQM obtains a mass value around
3908 MeV [41, 42, 70, 95]. A calculation in the coordi-
nate space with a screened potential has also given a good
result of 3901 MeV [64]. In general, the nonrelativistic
and semirelativistic quark models tend to overestimate
the mass of this resonance with respect to the experi-
mental value [31, 74, 96]. In the present work we obtain
3903 and 3918 MeV with potentials I and II, respectively.
These results are in reasonable but not complete agree-
ment with the experimental value. This result together
with the large isospin violation [3] which prevents the
identification of this state with a standard charmonium,
indicates the need for a more accurate model that in-
cludes, in more precisely way, the threshold effects due
to the opening of DD¯ and D¯D∗ channels. Finally, we
note that both models predict a 11D2 state with mass
value of ≈ 3790 MeV. This resonance has not been ex-
perimentally observed yet. To complete the analysis of
this multiplet, we comment on the X(3915) resonance.
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This state has been described as a cc¯ state [97] and
also has been suggested to be a tetraquark [98] and a
molecule [99]. In the cc¯ context, this resonance is identi-
fied with the 23P0 state [97]. However, there exist some
issues that question the validity of this assignment. For
example, it has been proposed that the X(3915) is ba-
sically the χc2(2P ) [101, 102] Among them we highlight
the lack of signal in the X(3915) → DD¯ decay chan-
nel [3]. Furthermore, the energy difference between the
mass of the X(3915) and its hyperfine splitting partner
χc2(2P ), is smaller than expected [3, 100, 103]. In our
model the expected values of the mass for the 23P0 state
are ≈ 45 MeV (potential I) and ≈ 20 MeV (potential II)
below the experimental data. Hence, our model does not
describe this state with high accuracy, but taking into
account the general uncertainties in the hadronic mod-
els, an interpretation of this state as a cc¯ meson cannot
be excluded.
B. ψ(3770), ψ(4040), ψ(4160) and ψ(4415)
In the overpopulated zone of the JPC = 1−− reso-
nances above the DD¯ energy threshold, we find some
states that are reported by the PDG as charmonia:
ψ(3770), ψ(4040), ψ(4160) and ψ(4415), and generally
interpreted as 13D1, 3
3S1, 2
3D1 and 4
3S1 states respec-
tively [3].
In our model, with both potentials, we can reproduce
the mass of the ψ(3770) with acceptable accuracy. The
minor difference between the theoretical and experimen-
tal value (50 MeV with potential I and 20 MeV with
potential II) can be related to the proximity of the DD¯
threshold.
The ψ(4040), with an experimental mass value of
4039 MeV, is generally identified as a 33S1 state [3, 7].
However, the theoretical mass value obtained with po-
tential models for the 33S1 state is greater than the ex-
perimental value [30, 31, 96]. In our case we can describe
this state with sufficient accuracy thanks to the inclusion
of the screening functions [64]. In particular, potential I
provides a theoretical prediction that agrees with the ex-
perimental value within uncertainties. Potential II also
produces an acceptable mass value for this state.
The ψ(4160) is interpreted as a radial excitation of the
ψ(3770). The predicted mass value is lower than the ex-
perimental one, a situation similar to what happens in
other screened potential models [64, 104]. If we accept
that the ψ(4160) can be considered as a pure 23D1 state,
we have to conclude that our model and the screened
potential models are unable to reproduce this state, sup-
porting a more elaborated nature for this state [105, 106].
Finally, the resonance ψ(4415) has been generally in-
terpreted as a 43S1 state [3] but also as a 5
3S1 state in [64]
where the masses of the ψ states are lowered by the in-
clusion of the screening effects. Within our model it may
be tentatively described in two different ways depend-
ing on which potential is used (see Table VI). Potential
I suggests that we can roughly identify this resonance
with a 43D1 state but potential II suggests a 3
3D1 state.
These unusual tentative assignments for ψ(4415) differ
from the standard ones of the semirelativistic potential
models [27, 74] where this resonance is well described as
a 43S1 state. We note that in our model the 4
3S1 state
has a mass of 4311 MeV with potential I and 4360 MeV
with potential II, that are better matches for the X(4260)
[Y (4260)] and the X(4360) [Y (4360)] resonances, respec-
tively. Hence, our 43S1 state cannot be identified as the
ψ(4415).
C. X(4260), X(4360) and X(4660)
These resonances with JPC = 1−− were discovered by
BaBar [107] and Belle [108, 109] collaborations and con-
firmed by a combined analysis of the data [110]. There
exist different interpretations of the nature of these res-
onances: hybrid charmonia [15, 111], tetraquarks [112,
113], molecules [114], cc¯ mesons [115] and some authors
suggest that these signals are the product of the inter-
ference between different channels and resonances [116–
118]. In the charmonium context, these vector mesons
are atypical. Their quantum numbers are univocally de-
termined by their production mechanism but some of
their features, e.g. the absence of open charm produc-
tion [113], do not match the cc¯ picture [3, 4].
Our two potentials produce different results for these
states. We note that, in our model, the predictions in
the high energy region of the spectrum depend strongly
on the form of the scalar interaction. Potential I pre-
dicts a 43S1 state, i.e. ψ(4S), that can be roughly iden-
tified with the X(4260) [Y (4260)] resonance. This as-
signment is reasonable if we compare with the bottomo-
nium system. In particular, we compare the experimen-
tal mass difference Υ(4S) − Υ(3S) ≈ 224 MeV with
that of ψ(4S) − ψ(3S) ≈ 254 MeV. In [119] a mass
of ≈ 4260 MeV was obtained for the ψ(4S) state. Also,
as in [64], in our model we can match the 33D1 state
to the X(4360) resonance. Finally, we note that poten-
tial I cannot reproduce the X(4660) [Y (4660)] resonance.
Potential II depicts a completely different situation. We
identify the resonances X(4360) [Y (4360)] and X(4660)
with the 43S1 and 4
3D1 states respectively but we cannot
describe the X(4260) state.
D. X(3940) and X(4160)
These states were observed by Belle collaboration in
double charm production processes [120–122]. Their
decays suggest the JPC = 0−+ quantum numbers.
They have been described in many different ways: hy-
brids [123], molecules [124, 125], and as the second (η′′c )
and the third (η′′′c ) radial excitations of the ηc meson in
a standard cc¯ picture [126–128]. Both semirelativistic
and nonrelativistic potential models [96] obtain masses
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for η′′c and η
′′′
c above the experimental values of X(3940)
and X(4160), which casts doubts on these assignments.
In [119] it is assumed that the energy gap between
ψ(3S) − ψ(2S) ≈ 353 MeV resonances is similar to
the ηc(3S) − ηc(2S) gap, making it possible to esti-
mate the energy of η(3S). The authors found that
η(3S) ≈ 3992 MeV, roughly close to the experimental
mass of the X(3940). This allows us to identify it as a
31S0 state. On the other hand, through a decay analysis
in [119] it is concluded that it is not possible to identify
the X(4160) resonance with a 43S0 state.
In the screened potential model [64] the correspon-
dence between the X(3940) resonance and the 31S0 state
is slightly improved. They found ηc(3S) = 3991 MeV,
but the difference between the experimental mass of the
X(4160) and the theoretical mass value of the 41S0 state
(4250 MeV) is large enough to call into question this as-
signment. In our model, with potential I and the assign-
ments 31S0 and 4
1S0, we obtain the values of 4030 MeV
and 4302 MeV for X(3940) and X(4160), respectively.
Using potential II, we obtain for the same states the val-
ues of 4043 MeV and 4349 MeV, respectively. We see in
Table V and in Fig. 2 that with potential I we can obtain
a rough description of X(3940). Nevertheless, in gen-
eral, we conclude that our model is not able to describe
appropriately these two resonances.
E. X(4140)
This resonance was first observed in [129] and
later confirmed [130]. It has been interpreted as a
tetraquark [131–133], as a molecule [80, 134, 135], as a
hybrid charmonium [136] and as a cc¯ state [61]. Recently,
the LHCb collaboration [137] reported the 1++ quantum
numbers for this resonance, which leads to a 33P1 state
interpretation, i.e. χc1(3P ), within the cc¯ context [138].
The mass value of the 33P1 state in the relativistic po-
tential [96] and screened potential [64] models is above
of the mass of the X(4140) [Y (4140)] resonance, but, for
the case of the latter the difference is just 40 MeV, so this
interpretation is possible. In our case, the 33P1 state is
obtained with higher values than the experimental data
found by LHCb for both potentials. More precisely, po-
tentials I and II predict this state approximately 30 MeV
and 70 MeV above the experimental value, respectively.
F. ψ(3823)
This resonance was observed for the first time more
than 20 years ago [139]. Recently, it was observed again
by Belle collaboration [140] and confirmed by BESIII col-
laboration [141]. In agreement with semirelativistic po-
tential models [74, 96], our model describes reasonably
well this state with both potentials, ≈ 3785 MeV versus
an experimental value of 3822 MeV, with the standard
assignment 13D2 (J
PC = 2−−). In [64], it was found a
mass value of 3798 MeV, similar to ours. In the UQM [41]
a mass of 3736 MeV was found, significantly lower than
the experimental value.
G. Missing resonances
Our model, as the majority of the cc¯ models do, pre-
dicts (with both potentials) some states that have not
been observed in the experiments yet. In particular, we
note the states 11D2, 2
1P1, 3
3P0 and 1
3D3. The 1
1D2
state, as already discussed, does not represent a good
candidate for the X(3872) and constitutes a missing reso-
nance produced by our model. The 21P1 state belongs to
an energy region where only the charged mesons Zc(3900)
and Zc(4010) have been found. This region is currently
empty of charmonialike states, while the radial excita-
tions of the hc state should lie there. The 3
3P0 state
that was identified as X(4140) in the past becomes a
missing resonance (see Section IV E) if we consider the
latest results from LHCb [137]. The last missing reso-
nance, the 13D3 state, also remains undetected despite
that its energy value is close to the open charm threshold.
V. SUMMARY AND CONCLUSIONS
We have studied the charmonium spectrum employ-
ing a cc¯ relativistic Dirac potential model in momentum
space with a vector and a scalar interaction. We note
that only by a combination of scalar and vector confin-
ing potentials is it possible to eliminate the empirically
contraindicated spin-orbit interaction in the interquark
potential. Positive energy Dirac spinors have been used
without performing any nonrelativistic expansion.
In our model, we have employed for the vector inter-
action a one gluon exchange term plus a confining term.
For the latter term we used a standard regularized linear
confining interaction transformed to momentum space.
For the scalar interaction we have considered two pos-
sibilities: (i) potential I, which is given by a constant
term only, namely A, that accounts for an effective con-
finement term; and (ii) potential II, that together with
the constant term A it also incorporates a standard reg-
ularized linear confining term. We have also incorpo-
rated phenomenological screening factors that take into
account the coupling of the cc¯ system with virtual qq¯
states. Potential I depends on seven parameters: the c
and c¯ quark mass m, the zero point energy M0, the strong
coupling constant αst, the strength of the confining term
in the vector interaction βv, the constant term of the
scalar interaction A, and the parameters of the screening
factors ks and ps. Potential II depends on eight param-
eters: the same ones as potential I plus the strength of
the confining term of the scalar interaction βs.
Both potential models have been fitted to the experi-
mental masses of eight resonances below the open charm
threshold (see Table I): ηc, J/ψ, χc0, χc1, hc, χc2, η
′
c
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and ψ′. In both cases we obtain a good description of
these states, including the unusual splitting between hc,
χc1 and χc2 resonances. The uncertainties in the param-
eters have been computed using bootstrap technique. In
this way we can propagate exactly the statistical errors
in the data to both the parameters and the resonance
masses taking into account all the correlations. We pre-
dict the energies of the resonances above the open charm
threshold and compute the associated uncertainties (see
Tables V and VI and Figs. 2 and 3). We predict cor-
rectly the structure of the charmonium spectrum and we
obtain a reasonable agreement with most of the available
experimental data. The screening effect turns out to be
relevant in the description of the spectrum with both
potentials, especially at energy values above the open
charm threshold. The correlation matrices of the param-
eters for potential I (Table III) and II (Table IV) show
that there is a small correlation between the screening
parameters and the vector interaction parameters. How-
ever, the correlation is strong with the parameters of the
scalar interaction. Hence, we confirm that the screen-
ing factors in our model take phenomenologically (and
only partially) into account the excitation of qq¯ degrees
of freedom. As the excitation energy grows, it becomes
more difficult to reproduce the data, indicating that the
presence of new degrees of freedom that should be in-
troduced in the theoretical model. This point requires a
new and more comprehensive investigation.
We have performed a full statistical error analysis, de-
termining the uncertainties of the parameters and their
correlations. We have exactly propagated those un-
certainties and correlations to the predicted spectrum.
As far as we know, previous error analysis within phe-
nomenological models have been very limited and incom-
plete. To perform the error analysis we use the bootstrap
technique. This method is computationally taxing but
provides a rigorous treatment of the statistical uncertain-
ties. Rigorous error estimations allow us to assess if the
inclusion of a new effect in the phenomenological model
is necessary or not. Moreover, the study of the corre-
lation among the parameters that arises from the error
analysis allows us to identify how independent are the
different pieces of the model among them. A full error
analysis is mandatory to identify which deviations from
experimental data can be absorbed into the statistical
uncertainties of the models and which can be related to
physics beyond the cc¯ picture, guiding future research.
In more detail, the X(3915), X(3872) and χc2(2P )
are identified as 23PJ states with J = 0, 1, and 2, re-
spectively. The χc2(2P ) is accurately reproduced. The
X(3872) mass is slightly overestimated (3904 MeV with
potential I and 3918 MeV with potential II) signaling
that this state is mostly a cc¯ state with its mass dynam-
ically modified by effects not taken into account in our
models, e.g. molecular components or open channel ef-
fects. The X(3915) is not well described, and, hence, the
2P splitting among these states is not properly accounted
for.
We also recover the general structure of the ψ
states above the DD¯ threshold, namely ψ(3770) (13D1),
ψ(4040) (33S1), ψ(4160) (2
3D1) and ψ(4415) (4
3D1
with potential I and 33D1 with potential II). However,
while ψ(3770) and ψ(4040) are sufficiently well described,
ψ(4160) and ψ(4415) are not.
Our two models produce different results for the
X(4260) [Y (4260)], X(4360) [Y (4360)] and X(4660)
[Y (4660)] resonances. Potential I produces a 43S1 state
that can roughly be identified with the X(4260) reso-
nance. The higher-lying X(4660) resonance is repro-
duced within the uncertainties of the model with poten-
tial II but not with potential I, and the X(4360) res-
onance is reproduced with both potentials, but within
very large theoretical uncertainties. We consider that we
are not able to provide a good description of X(3940) and
X(4160) resonances with our model, an indication that
these states might be dominated by dynamical effects
that go beyond the cc¯ picture. The X(4140) resonance
is approximately reproduced with potential I, suggest-
ing a correspondence with a cc¯ 33P1 state; however, it is
not properly reproduced by potential II despite the large
uncertainties of the theoretical prediction. The ψ(3823)
state is also well reproduced, in agreement with semirel-
ativistic potential models.
Further investigation should be devoted to understand
confinement in a more complete way. We note that po-
tential II, which includes a confining term in both the
vector and the scalar interactions, provides slightly bet-
ter results than potential I (which lacks the scalar con-
fining term), in agreement with the standard argument
from spin-orbit reduction that the vector and the scalar
potentials have approximately the same form. In addi-
tion, the lower correlation among the parameters in po-
tential II, Table IV compared to the correlation among
the parameters in potential I, Table III, allows usto make
a more straightforward connection to the physics associ-
ated to each term in potential II than in potential I, in
particular the confining interaction term.
The inclusion of relativistic effects in qq¯ potential mod-
els constitutes an important step forward in the de-
scription of charmonia, especially the higher-lying states.
However, it is apparent that a deeper dynamical study is
also needed. One should use interactions more straight-
forwardly related to QCD and include other effects such
as molecular admixture, tetraquark components, as well
as open channels and threshold effects have to be taken
into account to obtain a complete description of the ex-
perimental states, in particular those whose difference
with the quark model prediction cannot be accounted
for by the statistical uncertainties.
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Appendix A: Spin-angle matrix elements
To calculate the spin-angle matrix elements we need
to factorize the corresponding operators. To this aim we
introduce the following quantities
F (~p) =
√
E(~p) +m
2E(~p)
, R(~p) =
√
E(~p)−m
2E(~p)
, (A1)
and
η = F (~pa)F (~pb), λ = R(~pb)R(~pa),
θ = F (~pb)R(~pa), φ = F (~pa)R(~pa). (A2)
As an example, we first consider the vector term of
the interaction. Then, we generalize the calculation to
the case of the vector and scalar interactions of the
model. Substituting the Dirac four-currents of Eq. (17)
in Eq. (16) and using the definitions in Eqs. (A1) and
(A2), we can rewrite the vector Hamiltonian as follows
〈~pb|H(v)|~pa〉 = V (v)(~q)
{[
1− (∆E)
2
Q2
] [
η2 + ηλ(~σ1 · pˆb)(~σ1 · pˆa) + ηλ(~σ2 · pˆb)(~σ2 · pˆa)
+ λ2(~σ1 · pˆb)(~σ2 · pˆb)(~σ1 · pˆa)(~σ2 · pˆa)
]
+
[
θ2(~σ1 · pˆa)(~σ2 · pˆa)(~σ1 · ~σ2) + θφ(~σ1 · pˆa)(~σ2 · pˆb)(~σ1 · ~σ2)
+ θφ(~σ2 · pˆa)(~σ1 · pˆb)(~σ1 · ~σ2) + φ2(~σ1 · pˆb)(~σ2 · pˆb)(~σ1 · ~σ2)
] [
1 +
(∆E)2
Q2
]}
.
(A3)
We use the notation from Section II B and rename
〈~pb|H(v)|~pa〉 = H¯(v)(~pb, ~pa), (A4)
where H¯(v)(~pb, ~pa) is defined in Eq. (10). Recalling
Eq. (4) for ~q 2, we can express the rhs of Eq. (A4) as
the product of the functions H¯(v),k(pb, pa, x) times the
operators depending on pˆa, pˆb, ~σ1 and ~σ2. These oper-
ators are denoted as Λk(pˆa, pˆb, ~σ1, ~σ2). We obtain a sum
of eight terms
H¯(v)(~pb, ~pa) =
8∑
k=1
H¯(v),k(pb, pa, x)Λk(pˆa, pˆb, ~σ1, ~σ2).
(A5)
The explicit expressions of the first four terms of this
sum are
Λ1(pˆa, pˆb, ~σ1, ~σ2) = 1, (A6)
Λ2(pˆa, pˆb, ~σ1, ~σ2) = (~σ1 · pˆb)(~σ1 · pˆa), (A7)
Λ3(pˆa, pˆb, ~σ1, ~σ2) = (~σ2 · pˆb)(~σ2 · pˆa), (A8)
Λ4(pˆa, pˆb, ~σ1, ~σ2) = (~σ1 · pˆb)(~σ2 · pˆb)(~σ1 · pˆa)(~σ2 · pˆa),
(A9)
H¯(v),1(pb, pa, x) = V (v)(~q)
[
1− (∆E)
2
Q2
]
η2, (A10)
H¯(v),2(pb, pa, x) = V (v)(~q)
[
1− (∆E)
2
Q2
]
ηλ, (A11)
H¯(v),3(pb, pa, x) = V (v)(~q)
[
1− (∆E)
2
Q2
]
ηλ, (A12)
H¯(v),4(pb, pa, x) = V (v)(~q)
[
1− (∆E)
2
Q2
]
λ2. (A13)
Analogously, the other terms of the vector interaction
and those of the scalar interaction can be found through
straightforward calculations. Next, we perform a double
spherical harmonic expansion on both the scalar and vec-
tor terms with respect to the angles of pˆb and of pˆa for
each H¯(τ),k(pb, pa, x) term, where τ labels the vector (v)
14
and scalar (s) interactions. We obtain
H¯int(~pb, ~pa) = 4pi
∑
τ
∑
k
∑
`
H¯(τ),k` (pb, pa)
×
∑
m
Y`,m(pˆb)Y
∗
`,m(pˆa)Λk(pˆa, pˆb, ~σ1, ~σ2),
(A14)
where we have expanded in Legendre polynomials P`(x)
H¯(τ),k` (pb, pa) =
1
2
∫ 1
−1
dx H¯(τ),k(pb, pa, x)P`(x). (A15)
The second line of Eq. (A14) represents the spin-angle
operators that can be calculated analytically from the
angular part of the wave functions of our basis given in
Eq. (25). In doing so, we write
Ok`;L,S,J =
∫
dΩb dΩa [YL(pˆb)⊗ χS ]†J,J
∑
m
Y`,m(pˆb)Y
∗
`,m(pˆa)Λk(pˆa, pˆb, ~σ1, ~σ2) [YL(pˆa)⊗ χS ]J,J , (A16)
where dΩa and dΩb represent the integration elements
over the angles of pˆa and pˆb, respectively. The matrix
elements of the previous equation can be calculated in a
standard way by using angular momentum algebra.
Finally, the interaction matrix elements, that is the
third term in the rhs of Eq. (27) can be written as
∫
d3pb d
3pa Ψ
†
nb,{ν}(~pb)Hint(~pb, ~pa)Ψna,{ν}(~pa)
= 4pi
∑
τ
∑
k
∑
`
Ok`;L,S,J
∫ ∞
0
p2b dpb
∫ ∞
0
p2a dpa Rnb,L(pb; p¯)Fs(pb)H¯(τ),k` (pb, pa)Fs(pa)Rna,L(pa; p¯),
(A17)
where two integrations over pa, pb and one integration over x = cos θ from Eq. (A15) remain.
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